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Differential space-time modulation (DSTM) for multiple antenna communication systems has been recently proposed for
frequency-nonselective fading channels. In broadband multirate systems, frequency-selective fading may occur. In this paper, the
DSTM in frequency-selective fading channels is considered. A linear equalizer for the DSTM is proposed over frequency-selective
fading channels. Furthermore, the multiple symbol decision feedback detection is used to improve the performance of the linear
equalizer.
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1. INTRODUCTION

Differential space-time modulation (DSTM) has been re-
cently proposed by Hochwald and Sweldens [1], Hughes [2],
and Tarokh and Jafarkhani [3] for multiple antenna com-
munication systems, where the channel information is not
known to the transmitters or receivers. Several unitary space-
time codes for the DSTM have been proposed in [1, 2] of
group codes, in [2, 4] of quaternion codes, and in [5] of fixed-
point free group codes, and in [6] of parametric codes. The
2 × 2 parametric codes obtained in [6] for two transmit an-
tennas have the largest possible diversity product of size five
and the largest known diversity product of size sixteen, which
will be used in the simulations in this paper later.

Space-time codedmultiple antenna systems can be casted
as multiple input and multiple output (MIMO) systems.
The recent studies of DSTM in [1, 2, 3] are on frequency-
nonselective fading channels where MIMO channel matrices
do not have memory. However, in broadband multirate sys-
tems, frequency-selective fading and frequency-nonselective
fading may co-exist. In this paper, we are interested in the

DSTM system when frequency-selective fading occurs. An
equalizer combined with the differential detection is pro-
posed by exploiting the structure of the DSTM and its differ-
ential detection. The equalizer is to minimize the detection
errors. In such an equalizer, not only the channels are of ma-
trix form but also the input signals and the output signals are
of matrix form too. Similar to the existing MIMO equaliza-
tion techniques in the literature, see for example [7, 8], the
least squares (LS) solution and an adaptive RLS algorithm
are derived. As a remark, equalizations of space-time trellis
coded multi-antenna systems over frequency-selective fading
channels have been considered in [9, 10].

The DSTM can be treated as a generalization of differen-
tial phase shift keying (DPSK). Thus, its differential detection
scheme is similar to that of DPSK [1]. Decision feedback de-
tection schemes have been used to improve the performance
for the DPSK systems in [11]. In this paper, we also general-
ize this idea to the equalizer for the DSTM system by incor-
porating the multiple symbol decision feedback detection in
the linear equalizer.

This paper is organized as follows. The differential space-

mailto:gwang@ee.udel.edu
mailto:song@ee.udel.edu
mailto:xxia@ee.udel.edu


Equalization for Differential Space-Time Modulation 533

zk Vzk S(k)

Antenna 1

Antenna 2

AntennaM

...
Delay

Mapping

Figure 1: The transmission scheme of differential space-time mod-
ulation with multiple antennas.

time modulation is briefly reviewed with the frequency-
selective fading channel model in Section 2. The equalization
scheme is presented under the LS criterion and the equalizer
combined with the multiple symbol decision feedback detec-
tion is presented in Section 3. In Section 4, the RLS algorithm
is derived. Simulation results and conclusions are given in
Sections 5 and 6, respectively.

2. DIFFERENTIAL SPACE-TIMEMODULATION
AND SIGNALMODEL

Figure 1 shows the transmission scheme of differential space-
time modulation. Suppose there are M transmit, N receive
antennas in a frequency-selective fading environment. The
transmission rate is Rt bits per channel use.

An information sequence is grouped as zk and then
mapped to Vzk , Vzk ∈ {Vl, l = 0, 1, . . . , L − 1}, a space-time

code, where L = 2MRt and L is the signal constellation size.
Using the differential modulation technique (similar to the
single antenna system), the transmit signal of the kth block
is

S(k) = S(k − 1)Vzk , (1)

where

S(k) =



s1,kM s1,kM+1 · · · s1,(k+1)M−1
s2,kM s2,kM+1 · · · s2,(k+1)M−1
...

...
...

...
sM,kM sM,kM+1 · · · sM,(k+1)M−1


 , (2)

sm,t is the transmitted signal on the mth transmit antenna at
time t and S(0) is the M × M identity matrix. Since Vzk is
a unitary matrix, S(k) is also unitary. Thus, the mean signal
power at time t is always unit, that is,

E
M∑
m=1

∣∣sm,t

∣∣2 = 1. (3)

On the nth receive antenna at time t, the received signal is

xn,t =
√
ρ

M∑
m=1

Lh−1∑
d=0

hn,m(t, d)sm,t−d + wn,t, (4)

where hn,m(t, d) is the dth tap coefficient of the channel be-
tween the mth transmit and the nth receive antennas at time

t, wn,t is the additive noise on the nth receive antenna at time
t, Lh is the largest delay spread of all channels, and ρ is the
signal-to-noise ratio (SNR) on the receive antennas. For the
energy normalization purpose, the channels are passive as in
[9], that is,

Lh−1∑
d=0

∣∣hn,m(t, d)∣∣2 = 1. (5)

It is assumed that wn,t is complex Gaussian white noise with
zero mean and unit variance, that is, wn,t ∼ CN(0, 1) and wn,t

is independent of each other with respect to both n and t. As
in [1, 2, 3, 4, 5, 6], hn,m(t, d) is assumed independent of each
other with respect to m and to n but correlated with respect
to t. When the fading is slow, the channel coefficients can be
taken as constant over a period of time, coherence time. Thus
hn,m(t, d) can be represented by hn,m(d) within the coherence
time. Therefore, (4) can be written in the following matrix
form:

X(k) =
√
ρ
Lh−1∑
d=0

HdS(k − d) +W(k), (6)

where

X(k) =



x1,kM x1,kM+1 · · · x1,(k+1)M−1
x2,kM x2,kM+1 · · · x2,(k+1)M−1
...

...
...

...
xN,kM xN,kM+1 · · · xN,(k+1)M−1


 ,

Hd =



h1,1(d) h1,2(d) · · · h1,M(d)
h2,1(d) h2,2(d) · · · x2,M(d)

...
...

...
...

hN,1(d) hN,1(d) · · · hN,M(d)


 ,

(7)

andW(k) is theM ×N noise matrix on the receive antennas
at the kth block, which is from wn,t.

In [1, 2, 3, 4, 5, 6], delay spread Lh = 1 is assumed. In this
case, (6) becomes

X(k) =
√
ρHS(k) +W(k), (8)

where H = (hn,m)N×M .
When channel matrix is approximately constant during

the transmission of two blocks of data, (8) can be rewritten
as

X(k) =
√
ρHS(k − 1)Vzk +W(k) (9)

=
(
X(k − 1) −W(k − 1)

)
Vzk +W(k) (10)

= X(k − 1)Vzk +W ′(k), (11)

whereW ′(k) = W(k)−W(k−1)Vzk . AsVzk is unitary, the ad-
ditive noise W ′(k) is still independent Gaussian. Therefore,
the maximum-likelihood detector [1, 2] for (11) is

Vzk = arg min
l=0,1,...,L−1

∥∥X(k) − X(k − 1)Vzl

∥∥, (12)
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where ‖A‖ is the Frobenius norm of A = (amn)M×N , defined
as

‖A‖ =
√
Tr

(
AHA

)
=

(
M∑
m=1

N∑
n=1

∣∣amn

∣∣2)1/2

. (13)

3. EQUALIZATIONOF DIFFERENTIAL SPACE-TIME
MODULATED SYSTEM

In broadband multirate wireless communication links, the
assumption of delay spread Lh = 1 does not always hold.
When multipaths exist, equalization techniques are needed
to compensate the intersymbol interference (ISI). In the sin-
gle antenna case, the linear equalizer works as a filter to sup-
press the ISI term. The scalar coefficients of the equalizer are
the parameters of the filter. In the multiple transmit antenna
system, such coefficients are matrices. The input and the out-
put are also matrices. The structure of the equalization is
shown in Figure 2.

Therefore, the output of such equalizer is

Q(k) =
Le−1∑
ν=0

cνX(k − ν) (14)

= Gk0S
(
k − k0

)
+

Lh+Le−2∑
ν=0,ν �=k0

GνS(k − ν) +
Le−1∑
ν=0

cνW(k − ν),

(15)

where cν , ν = 0, 1, . . . , Le − 1, are N × N coefficient matrices
for equalization, and Le is the length of the equalizer,

Gν =
Le−1∑
µ=0

cµH(ν − µ) (16)

is the equivalent linear transform of the cascade of the chan-
nel and the equalizer, and k0 is the overall delay caused by the
linear transform Gν .

After equalization, the ISI item, that is, the second item
in (15), is compensated. So

Q(k) = Gk0S
(
k − k0

)
+

Le−1∑
ν=0

cνW(k − ν). (17)

Therefore, (12) can be applied to (17). That is,

V̂zk−k0 = arg min
l=0,1,...,L−1

∥∥Q(k) −Q(k − 1)Vzl

∥∥. (18)

As in the DPSK with single antenna [11, 12],Q(k−1) can
be substituted by

Qref (k) =
1

Ln − 1

Ln−1∑
j=1

Q(k − j)
1∏

i= j−1
V̂zk−k0−i , (19)

Qref (k)

cν
V̂(k)

Σ

X(k) Q(k)
Decision

Figure 2: Block diagram of receiver combining linear equalization
with multiple symbol feedback detection for differential space-time
modulation.

where feedback order Ln is the number of previous equal-
ization outputs used in the decision. If Ln = 2, Qref (k) =
Q(k − 1). In (19), each item in the summation is the esti-
mation of Q(k − 1). Qref (k) is the average of Ln − 1 estimated
values of Q(k − 1) and therefore less noisy. Therefore, when
Ln > 2, performance improvement can be obtained. Thus the
detector turns into

V̂zk−k0 = arg min
l=0,1,...,L−1

∥∥Q(k) −Qref (k)Vzl

∥∥. (20)

The equalizer is to minimize the error e(k) = Q(k) −
Qref (k)Vzk . In the system, the cost function is defined as in
[13],

ψ(k) =
k∑

τ=1

λk−τ
∥∥e(τ)∥∥2

, (21)

where λ is the forgetting factor. Under the LS criterion, the
equalization coefficient matrices cν , ν = 0, 1, . . . , Le −1 can be
obtained. With the obtained equalizer coefficients, the detec-
tor (20) can be applied with the equalization outputQ(k− j),
j = 0, 1, . . . , Ln − 1.

4. RLS ALGORITHM FOR DIFFERENTIAL SPACE-TIME
MODULATED SYSTEM

In the forms of (14), (15), and (16) in Section 3, the chan-
nels, the input and output signals are of matrix forms. Simi-
lar to the existing equalization techniques for MIMO systems
[7, 8, 14], we can derive the LS solution and the RLS solution
for differential space-time modulated systems as follows.

Let cilν , x
il(k) denote i, jth element of matrix cν and X(k),

respectively, then

cil =
[
cil0 cil1 · · · cilLe−1

]H
,

xil(k) =
[
xil(k) xil(k − 1) · · · xl j

(
k − Le + 1

)]T
,

(22)

where the superscript H denotes the complex conjugate
transpose, and T denotes the transpose. Equation (14) can
be written in matrix form

Q(k) = CHR(k), (23)
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where

C =



c11 c21 · · · cN1

c12 c22 · · · cN2

...
...

...
...

c1N c2N · · · cNN


 ,

R(k) =



x11(k) x12(k) · · · x1M(k)

x21(k) x22(k) · · · x2M(k)
...

...
...

...
xN1(k) xN2(k) · · · xNM(k)


 .

(24)

In addition,

D(k) = Qref (k)V̂zk−k0 . (25)

Therefore C, which minimizes ψ(k), can be obtained by
differentiating ψ(k) in (21) and setting the result to be the
zero matrix, that is,

φ(k)C = ϕ(k), (26)

where

φ(k) =
k∑

τ=1

λk−τR(τ)RH(τ),

ϕ(k) =
k∑

τ=1

λk−τR(τ)DH(τ).

(27)

Note that R(τ) and D(τ) are matrices rather than vectors in
conventional normal equation [13]. Using the matrix inver-
sion lemma [13], an iterative algorithm for (26) can be ob-
tained. Hence, the RLS algorithm for the space-time modu-
lation with multiple antennas is as follows:

P(0) = σ−1ILe×N , σ = 0.004, (28)

Γ(k) = λ−1P(k − 1)R(k) (29)

× (
IM + λ−1RH(k)P(k − 1)R(k)

)−1
, (30)

ξ(k) = D(k) − CH(k)R(k), (31)

C(k) = C(k − 1) + Γ(k)ξH(k), (32)

P(k) = λ−1P(k − 1) − λ−1Γ(k)RH(k)P(k − 1), (33)

where Iν is the ν × ν identity matrix and C(k) denotes the
value of C after k iterations. If M = N = 1, this is just the
RLS algorithm in [13]. From (25), (23), (19), (31), and (32),
C(0) should have a nonzero value. In the following simula-

tions, all the elements of ck0 are set to 0.1, that is, c
i j
k0 = 0.1,

i, j = 1, 2, . . . , N . For fixed channels, λ can be set to 1 and
V̂zk−k0 are assumed known in the training. After the training,

the detector in (20) is applied. V̂zk−k0 is the previous detection
result, to which the multiple symbol decision feedback de-
tection refers. For the fading channels, λ can be set to a value
less than 1. Thus, the receiver can track the variation of the
channels.

5. SIMULATION RESULTS

In this section, the performance of the equalization scheme
for differential space-time modulated system is shown with
simulations. In the following simulations, parametric space-
time code of size 16 in [6] is adopted. For l = 0, 1, . . . , 15,

Vl =



exp

(
jlπ

8

)
0

0 exp
(
j3lπ
8

)



×



cos

(
lπ

2

)
sin

(
lπ

2

)

− sin
(
lπ

2

)
cos

(
lπ

2

)



×



exp

(
jlπ

4

)
0

0 exp
(− jlπ

4

)

 .

(34)

This code has the best known product diversity in the lit-
erature of the same size, which is 21/4/2 following the nota-
tion in [1]. Although this code itself is not a group, it is a
subset of a group of size 32 [6]. Using this space-time code,
the number of transmit antennas isM = 2 and the transmis-
sion data rate is Rt = 2. The number of receive antennas is set
as 2, that is, N = 2. The channel delay spread Lh = 2 is used
throughout the simulations.

The simulation results are given under two cases, fixed
channels and fading channels. In the fixed channel case, the
two taps of a channel have equal power as the channels stud-
ied in [9]. Figure 3 shows the learning curve of the RLS al-
gorithm for differential space-time modulation. The length
of equalizer Le = 3. An information sequence of about 300
symbols known to the receiver is used in the training. J(k) =
E‖e(k)‖2. The curves are drawn from the average over 1000
training processes. The forgetting factor λ = 1.0. The overall
delay k0 is set to zero. Though the convergence processes do
not speed up remarkably, the errors under concern decrease
as the increase of Ln, the feedback order.

The performances of different receivers are shown in
Figure 4. Because the energy of first taps and that of the sec-
ond taps are the same, the ratio of the desired signals to the
interference part is 0 dB when no equalization techniques
is used. In this case, the performance is not good (BLER is
above 10−1) whatever SNR is. Thus, this case is not shown
in Figure 4. From Figure 4 one can see that the increase of
the feedback order Ln improves the performance, especially
in the high SNR. However, the increase of Ln also means the
increase of the computational complexity.

The performances of the receive scheme over fading
channels are shown in Figure 5. All the channel coefficients,
independent of each other, are generated by Jakes’s model
[15]. The auto-correlation of a fading channel of t time sam-
ples apart is J0(2π fdTst), where J0 is the zero-order Bessel
function of the first kind, fdTs is the fading rate. In GSM
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Figure 3: Learning curves of the RLS algorithm for space-time
modulation with different Ln.

10−4

10−3

10−2

10−1

100

8 10 12 14 16 18 20 22
SNR

B
lo
ck

er
ro
r
ra
te

Ln = 2
Ln = 3

Ln = 5
Ln = 10

Figure 4: The block error rate of space-time modulated system un-
der fixed ISI channels.

system, the carrier frequency is 900MHz. If a basic GSM
EDGE slot structure with symbol rate of 2.71×105 symbols/s
is used and the speed of mobile station is 3 km/h (TU3), the
fading rate fdTs is 10−5, which is assumed in the simulation.
The average energy for the first taps of the channels is 9/10
of the total energy. The length of the equalizer Le = 3. Before
the fading applied, 800 symbols are used in training. After
training, λ is set as 0.98. The curve marked by ◦ in Figure 5
is the performance without equalization, which has an error
floor around BLER of 10−1. It is shown that the receiver with
Ln > 2 still has a better performance over the receiver with
Ln = 2. However, the receiver with Ln = 10 has approximately
the same BLER with the receiver with Ln = 5. The reason lies
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Figure 5: The block error rate of space-time modulation with
equalization under frequency selective fading environment, fdTs =
10−5.

is that (18) does not give a better estimation of Q(k − 1) due
to the fading of the channel.

6. CONCLUSIONS

In the paper, an equalizer combined with differential detec-
tion was proposed for the differential space-time modulated
system over frequency selective fading channels. By applying
the LS criterion on the detection error, the RLS algorithm
was derived. Also the multiple symbol decision feedback de-
tection was incorporated to improve the performance of the
combined equalizer and detector. The performance was illus-
trated by simulations. After this paper was done, we found a
related and independent work [16].
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