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! Zhongzi Huake Transportation In the paper, we investigate a massive machine-type communication (mMTC),
Construction Technology Co, where numerous single-antenna users communicate with a single-antenna base

Ltd, Beijing 100195, China station while being active. However, the status of user can undergoes multiple transi-

tions between active and inactive states across whole consecutive intervals. Then,

we formulate the problem of joint user activity detection and channel estimation
within the dynamic compressed sensing (DCS) framework, considering the temporally-
correlated user activity across the entire consecutive intervals. To be specific, we intro-
duce a new hybrid vector approximate message passing algorithm for DCS (HyVAMP-
DCS). The proposed algorithm comprises a VAMP block for estimating channel

and a loopy belief propagation (LBP) block for detecting user activity. Moreover, these
two blocks can exchange messages, enhancing the performance of both channel esti-
mation and user activity detection. Importantly, compared to the fragile GAMP algo-
rithm, VAMP is robust and applicable to a much broader class of large random matrices.
Furthermore, the fixed points of VAMP's state evolution align with the replica prediction
of the minimum mean-squared error. The simulation results illustrate the superiority

of HyVAMP-DCS, demonstrating its significant outperformance over HyGAMP-DCS.

Keywords: Temporally-correlated user activity, User activity detection, Channel
estimation, Dynamic compressed sensing, Hybrid vector approximate message passing

1 Introduction

In the paper, we investigate the problem of joint user activity detection and channel
estimation within the massive machine-type communications (mMTC) scenario. As a
key technology in 5G mobile communication networks, mMTC enables wireless con-
nectivity among a massive number of devices in various applications, such as smart
cities, monitoring, asset tracking, the Internet of Things (IoT), semantic communica-
tion [1, 2], and others [3, 4]. Compared to traditional human-centric communications,
mMTC’s traffic features include massive user devices, sporadic user activity, and short
data packets [5]. In the context of mMTC, the grant-free access protocol has been
regarded as a feasible approach, facilitating access for massive user devices [6, 7]. The
protocol pre-allocates a unique pilot sequence to each device for identification and
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channel estimation. In general, massive user devices primarily remain in a sleep state
for energy efficiency. When a device is activated by external events, it will transmit its
own sequence directly to the base station without requiring permission. Subsequently,
the base station receives the observed signal, which is then utilized to jointly detect user
activity and estimate channel.

Typically, in addressing the problem of joint user activity detection and channel esti-
mation, characterized as a high-dimensional sparse signal recovery, various compressed
sensing methods have been proposed, such as the neural network method [8], the spar-
sity-constrained method [9], the standard compressed sensing algorithm of orthogonal
matching pursuit and basis pursuit denoising [10], the variants of approximate message
passing (AMP) algorithm [6, 7, 11-13], and the variants of vector approximate message
passing (VAMP) algorithm [14], and others. But these above algorithms have a limita-
tion, i.e., they assume that all user devices maintain an active or inactive state through-
out the entire consecutive intervals for jointly detecting user activity and estimating
channel.

Indeed, in various practical applications of mMTC, devices cannot maintain a single
state consistently throughout the entire consecutive intervals, i.e., their state undergoes
multiple transitions between active and inactive states across whole consecutive inter-
vals. Such situation means that the device activities are temporally-correlated. Therefore,
to fully exploit the temporally-correlated user activity, [15—17] reformulate the prob-
lem of joint user activity detection and channel estimation of interest as dynamic com-
pressed sensing (DCS), taking into account both sporadic user activity and the temporal
correlation of user activities. For such DCS problem, various high-dimensional sparse
signal recovery methods have been proposed, such as the convex relaxation methods
[15, 18], the Bayesian framework [16, 19], the methods based on message passing [20,
21], and others. Specifically, [20] establishes a probabilistic model to depict the tem-
poral correlation of user activity, provides the associated message passing schedule for
executing the message passing algorithm [22], and introduces a novel sequential mes-
sage passing algorithm for the recursive recovery of the target signal. [23] introduces
the HYyGAMP-DCS algorithm, aiming to fully leverage temporally-correlated user activi-
ties across the whole consecutive intervals. This algorithm integrates the computation-
ally efficient GAMP algorithm [24-26] for channel estimation and the standard message
passing algorithm [22] for updating user activity. However, the GAMP algorithm is frag-
ile, as even small deviations from the i.i.d. sub-Gaussian model can cause the algorithm
to diverge [27, 28]. Conversely, the VAMP algorithm is robust and holds under a much
broader class of large random matrices H. Additionally, the fixed points of VAMP’s state
evolution align with the replica prediction of the minimum mean-squared error [27, 28].
The HYVAMP-DCS’s complexity order is dominated by matrix inversion per iteration [in
Line 5 and 30]. However, after performing an initial singular value decomposition (SVD),
HyVAMP-DCS has similar complexity to HyGAMP-DCS but is much more robust with
respect to matrix H [27, 28].

In this work, inspired from [14, 29], we investigate the DCS problem of joint user
activity detection and channel estimation across consecutive intervals, taking the tem-
poral correlation of user activity and the correlated pilot cases into account.
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The main contributions of this work are summarized as follows:

+ The paper proposes to address the DCS problem of joint user activity detection and
channel estimation across consecutive intervals, considering the temporal correla-
tion of user activity;

« Unlike [20, 21], based on GAMP [24-26], this paper introduces the hybrid VAMP
algorithm for the above DCS problem, abbreviated as HyVAMP-DCS. The proposed
algorithm utilizes the computationally efficient VAMP algorithm [27, 28, 30, 31],
which is suitable for correlated cases, for channel estimation. Additionally, it employs
the loopy belief propagation (LBP) [32] for detecting user activities. The numerical
results demonstrate the superiority of HyVAMP-DCS.

Notation: Throughout this document, we adopt the following notation conventions:
Non-bold lowercase letters (e.g., m and v) represent scalars, bold lowercase letters (e.g.,
m and v) denote column vectors, and capital letters (e.g., V and C) signify matrices. 5(-)
denotes a Dirac delta function. N[m, C] denotes a Gaussian distribution with mean m
and covariance C, defined as N[x|m, C] £ |2nC|_%e[—%(x —m)"C~(x — m)]. For any
matrix A, a;; represents the element at the i-th row and j-th column of A. AT denotes the
transpose of matrix A. D(v) is a diagonal matrix with diagonal elements equal to the ele-
ments of vector v. d(C) is a diagonal operator, returning a N-dimensional column vector
containing the diagonal elements of matrix C. 1 is a column vector of size N consisting

of all ones. © and @ denote element-wise vector multiplication and division, respectively.

2 System model

In the work, we investigate the uplink of a mMTC scenario, consisting of a single base
station and N devices, where they both equip with a single antenna. The observed signal
Y € CM*K at base station can be modeled as:

M K

Y ~p(¥|2) & [[[[ pWijlzi),  Z = HX, (1)
i=1j=1

where H € CM*N is the determined pilot matrix and X € CN*X is the composite chan-
nel matrix to be estimated. Firstly, we characterize ,, 4 as a composition of channel and
the user activity a,, x, which can be described by a Bernoulli-Gaussian distribution as:

p(xn,kmn,k) £ 1- “n,k)(s(xn,k) + an,kN[xn,k|0x vxl, (2)

where a, i € {0, 1} indicates the status for user # at the k-th interval. Next, we model the
transition of temporally-correlated user activities for user n across entire consecutive
intervals as a Markov chain. Then, assuming that the activation probability of user # at
the k-th interval is pa, the transition probability matrix of the Markov chain is expressed
as:

boo b
g2 |boo bot|
[bm b1
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where byg £ payi = 0layx—1 = 1) and other three similar transition probabilities are
denoted as: bg1 = pab10/(1 — pa), boo = 1 — by, and b1y = 1 — bq. Finally, we repre-
sent the aforementioned Markov chain as a probability form as:

planilano) =1 — pa)(1 — ay1) + padn,, 3)

P@pildni—1) é(l — pp—1)nibo1 + anr—1(1 — a, i )bro+
1- an,k—l)(l - an,k)bOO + an,k—lan,kbﬁ .

(4)

3 The HyVAMP-DCS algorithm

In this paper, our goal is to jointly detect the temporally-correlated user activities A and

estimate the composite channels X from the observed signal Y with the determined pilot

matrix H. We introduce the HyYVAMP-DCS algorithm, which incorporates the VAMP

[26, 28, 33] block for channel estimation and the LBP block for user activity detection.
By combining (2)—(4), the joint probability of system model (1) is expressed as:

K N
p¥,Z,X,4) =[] [p(ymzk)a(zk — Haxp) [ [ peonilanip(@nilani—1) |- (5)

k=1 n=1

Then, following the Bayes’ rule, we can calculate the posterior probability of Z, X, and
A as:

1
P(Z,X,AlY) 2——p(Y,Z,X,A),
p(Y)

(6)
p(Y) = / dZdXdAp(Y,Z,X,A).

In the Bayesian inference framework, we compute the minimum mean square error
(MMSE) estimators for x,, x and a,, x based on the principle of MMSE, i.e.,

JA‘:rt,k é/dxn,k xn,kp(xn,k|Y); (7)

Ak é/d"ln,k anip(@nilY), (8)
with

pnlt) 2 [ 42X, dApZ, X, AIY), ©)

plangl¥) 2 / dZdXdA, i p(Z, X, A]Y). (10)
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Fig. 1 The factor graph representation of the joint distribution (5)

Table 1 Message definitions in the factor graph

p;’[(am) Message from ap, 1to p(an,1)

p@ann) Message from p(dn,1) to dn,1

p;’[(an/k) Message from dn x to p(ankldnk—1). k = 2

P @) Message from p(dp k|dn—1)t0 dnj k > 2
p;ér(anyk) Message from p(ank+1lank) to dnk k < K —1
P2 @np) Message from dn k to p(dns11dni) k < K — 1
Pas (An) Message from p(xyk|dnk) t0 dnk

P @np) Message from dy to p(x,x|dnk)

i (xy) Message from §(zx — Hxy) to X

P (xe) Message from x to §(zy — Hxy)

pz " (z) Message from p(y, |zx) to zk

p3 " (zk) Message from 8(zy — Hx) to zy

Although directly computing high-dimensional integral in (9)—(10) is intractable, vari-
ants of message passing can empirically approximate these.

Following the approach of hybrid decentralized generalized expectation consistent
(HyDeGEC) [14], we introduce the HyVAMP-DCS algorithm for our interested DCS
problem, involving joint temporally-correlated user activity detection and channel esti-
mation. The HyYVAMP-DCS algorithm consists of VAMP block for channel estimation
and LBP block for temporally-correlated user activity detection. Throughout the itera-
tive process, the two blocks exchange messages, leading to a significant enhancement
in both channel estimation and user detection performance. We introduce the details
of the HYVAMP-DCS algorithm in the following literature. Firstly, a factor graph is pro-
posed to illustrate the joint probability (5), as depicted in Fig. 1. Then, we define all mes-
sages in the factor graph, as described in Tab. 1.

3.1 VAMP block for channel estimation

In the part, we introduce the VAMP algorithm [27, 28] for channel estimation. Specifi-
cally, we provide an approximate derivation of (9). The VAMP block includes all mes-
sages of the area between variable nodes {x;} and factor nodes {p(y;|zx)}. Then, the
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basic VAMP algorithm is given in Lines 2-8 and 27-35 of Algo. 1. Specifically, to com-
pute the MMSE estimator of X, we substitute the message p;rs’t (@) into p(x, k|, k) to
derive p(x,x):

p(xn x) —/dankp(xnklank)p-i_y +1(an,k)
=(1 — g5 708 Gonr) + agg i Nx k[0, vx].

Then, we proceed to merge p(x,, ) into py ’t(xn,k) to produce the approximate posterior
marginal distribution of x,, z:

PGl Y) =——Nuiclm s o Vi 10 @)

nk

(@ = g ONDm 10,50 18 (k)

Cn,
+ qzst:;N[ m 10, vx + Vi N e, D]}

—t ot
Cuik :/dxn,k N[xn,klmx,n,k’Vx,n,k]p(x”vk)
_ 41 LNt y
=(1 = gz ONI L 10,V T+ gl Ny 10, v+ vy,

—t
xnk

A oa 1 1
with v, = (K —t )" and i = Vnk
Vynk xnk

of the posterior mean and variance of x,, in the Line 27 of Algo. 1 as:

. Finally, we can obtain explicit expression

P .
gk =Wk (11)
~Ht+1 A 2 ~2
Venk =WnkVnk + (Wn,k — Wn,k)mn,k’
1 (12)
S +,t+1 —t —t
Wik = an nk N[mx,n,k 10, vx + Vx,n,k]'

Cuk

Given that the LBP block updates p d+1 (ayk) at every iteration, Eqs. (11)—(12) can also
be updated at each iteration.

3.2 LBP block for user activity detection

In the subsection, we introduce the LBP block [32] for user activity detection. The LBP
block includes all messages of the area between factor nodes {p(a,,1)} and factor nodes
{p(x,klank)}. Moreover, we employ the LBP block to update the activity probability of
each user using the message py 't(x,,,k) received from the VAMP block. We now schedule
the messages in the LBP block by the following manner:

» Backward propagation: For any interval, p;ét(a,,,k) is denoted as:
p;ét (@nk) = / dxn,k p;’t X )P XA k) (13)

For K-th interval, p;{t(a,,,K) is represented as:

Page 6 of 14
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Pat (@ni) =pg3 (@ni)- (14)
For k-th interval (k =1,--- ,K — 1), p;ét (@) and p;{t(an,k) are sequentially com-
puted as:

p;;ét (@ni) = / da,, k1 P;{t (@ i+ 1P @ is110nk) (15)

Pai @) =pag @ni)Pg3 (@ni); (16)

« Forward propagation: For 1-st interval, p;’t +1(a,,,1), p;’éﬂrl(an,l), and p:ét“(an,l)

are sequentially calculated as:

+t+1

Pai  (@n1) =p(an1), (17)
paHan)) =pk " @n)pag @n), (18)
P2 any) = @n)pas @an). (19)
For k-th interval (k =2,--- ,K — 1), p;’tﬂ (@nk)s p;rétﬂ(an,k), and p;rétﬂ (anx) are

sequentially denoted as:

p:{t—i_l (ﬂn,k) = / d“n,kfl P(ﬂn,k |“n,k71)p;_ét+1 (@yk—1) (20)
p;-éH_l (@ni) ZP;F{HI (“n,k)p;ét (@), (21)
P @) =p i @nOpas (@ng). (22)

For K-th interval, p:{tﬂ (anx)and p;étﬂ (anx) are sequentially expressed as:

Pt ank) = / dayx—1 p(anilank—1)ps " (@nk-1), (23)
p;_ét+1 (dn,K) =p;—1't+1 (dn,](). (24)

Before the iteration, we initial all the messages as Bernoulli distribution.

For (13), we evaluate p;ét (@) as:

P ) = / s 1 Gong P sl

=1 — 4oz )L = anjo) + dag knks
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with

A N[mxrtk|0 VX+VXnk]

qa3 nk

—t - —t
For (14), we compute p_{ (a,,x) with g WK = Dad k-

For (15), we represent q;étn 1 as:
Pt @) = [ Qo Pt @i P @ sclans)
=(1 = 30,y (1 = Anf0) + Aoy
with

—,t —,t
t D111 g1 T 0100 — Ga1 p41)

NLmse 10, v 14 Nl 10, vx +vier

qa2 nk

For (16), we evaluate p;{t(a,,,k) as:

Pai @) =Pz (@njOP33 (@ni)
=(1- q;{fn,k)(l — ang) + q;{fn,k“"'k’

with

—,t —t
gt s a2,1n,k9a3,n,k
almk — my —i —F i -
(A =3, = a3 ,4) + Dad 1 ) D23,k

For (17), we denote p;{tﬂ(an 1) with q;'tzll = pa.

+,t+1

For (18) and (21), we evaluate p 3 " (a,) as:

+,t+1 +,t+1 —t
Pas | (@ni) =Pai (@ni)Pa3 (@ni)

+t41 +t4+1
=(1- qagyn,k)(l —ani) + a2 1.k In ko

with

+,t+1
q+ Jd+1 A qa1 nkannk
anmk +t+1 [T -
(1= dgimi) L= i) + daimi Dadini

For (19) and (22), we compute p;étﬂ(an,k) as:

+,t+1 +,t+1 —t
pas (ﬂ}’l,k) :pa1 (ﬂn,k)paz (an,k)

141 41
=(1- an,n,k)(l — ank) + NS

with

el
q+ Jgt+1 A qa1 nkqaan
a3, mk — +,t+1 +,t4+1 _—t
(= g = a8 + daf ik Dadmi

(boo + b10)(A = 457’ i) + (ot + b1 a1 s

Page 8 of 14
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For (20) and (23), we represent p;’tﬂ (ank)as:
1 1
Pai Hanp) = / Aty 1 Panlang1)Pa3 " (@ng—1)
41 41
=(1— g O = @) + g i Anko
with

+,t+1 A +,t+1 +,t+1
Dot mk =011953 i 5—1 T 0011 — g3, 4 _1)-

N NS |
a3k — 9atnk

So far, we can summarize the HyVAMP-DCS algorithm as given in Algo. 1. For con-
ciseness, we define several functions as following:

For (24), we denote p;'étﬂ (anx) with g

« Extrinsic function: (my, vy) £ Ext[#1, §, my, v1], with

=101 Vv-10v)),
my=v, O (mQV—m Qvi);

+ linear minimum mean square error (LMMSE) estimation: (iy, Cy) 2
]E[mX) Vx, Mz, Vz, H], Wlth

Cx =D @ vx) + H'DA 0 v,)H] Y,
l’hx :Cx[mX Qvx + HH(mZ @ VZ)];

+ Activity detection: A= Act[Q] = Sign[Q > 0.5], where sign[-]is a sign function.

4 Validation and discussion

To compare the performance of HyGAMP-DCS and HyVAMP-DCS (proposed), we
carry out the Monte Carlo simulations and present the results below. We adopt a typical
setting of (M, N, K, T, vx, pa, b10) = (200, 50, 300, 20,0.02, 0.1, 0.6). Then, we apply an B-
bit analog-to-digital converter (ADC) for p(y|z), whose detailed formula could be found
in [14, 28] among many others. The transitional density from z to y, denoted by p(y|z),
then particularizes into the following form

pOl2) =pORIzRIPO1121),
(02 =7, o q'0a) — 2
o a

p(yalza) =P 1-— 1.

where ®(x) is the cumulative distribution function (CDF) of unit normal distribution.
ar and a| denote the real and imaginary parts of the complex number a. [4'(a), 4" (¥a)]
defines the input interval for an output ya. Then, we define the signal-to-noise ratio
(SNR) as o 2.

To better simulate the impact of channel correlation, we assume a Kronecker model
for the generation of correlated pilot matrix, i.e., H = HWR%, where R is a correlation
matrix with R;; £ pliil fori,j =1,---,N and p € [0, 1) is the correlated coefficient of
the pilot matrix, and H\ is taken from the constellation of 4-QAM. For correlated case
of the pilot matrix H, we use p = 0.6, while in the i.i.d. case, p = 0.
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Fig. 2 Per-iteration NMSE and TAER for HyGAMP-DCS and HyVAMP-DCS. a, b: i.i.d. case, ¢, d: Correlated case

In all experiments, the performance metric used for user activity detection is defined

as the time-averaged activity error ratio (TAER), denoted as

TAER £

N K A+, T+1
D on=1 k=1 g, ¢

— Apl

NK

Furthermore, we utilize the normalized mean square error (NMSE) as the performance

metric of channel estimation, expressed as:

~ +T+1
M

NmsE g Mx -
IX1I

- X|3

]Y

where ||A||F denote the Frobenius norm of A. Then, we have these remarks:

Page 10 of 14

« Per-iteration behavior of HyVAMP-DCS: Given B = 5 and SNR = 10, we compare
the MSE performance of HyYVAMP-DCS with HyGAMP-DCS. As shown in Fig. 2,
the HyVAMP-DCS proposed is extremely effective: For the i.i.d. case, HyVAMP-DCS
converges in only a few iterations, which is much faster than HyGAMP-DCS; for the
correlated case, HyVAMP-DCS outperforms HyGAMP-DCS significantly.
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Algorithm 1 HyVAMP-DCS

Require: y, A, {p(xnk\ank)} {p(ank|ank 1)}, Vn, k
Ensure: MY v Mt v

1: while ¢t = 1, ,T do

x (M, V") =E[Z|M]" Vi

5 (ML VY =Ext[M, LV, M VY

4: while k =1,--- | K do

5 (1l Ci) = Elm o om, v, H)

A— ,t
6: x k = d(C )
7 end while . .

—t =ty or 0t Y +,t +,t
8: (M, V) =Ext(M, |V, MV
o Qf,t _ N[M *0,0+V ']

: a3 T N[M, Y0,V THN[M 4 VT
-t =t

10: 9.1,k = 923, K

11: while k=K —1,---,1do

—t —t
bllqal,k+1+blo(17qa1,k+1)

—,t
12: S = — =
Qa2,k (boo+b10) (1—ayy 'k 1)+ (bo1+b11) a4
—t —t
13: q—,t o 922 1923,k
- - —,t —,t —,t _—,t
al,k (17q32,k)(17qa3,k)+qa2,kqa3,k
14: end while
+,t+1
15: qal 1 = Pa
t+1 _—.t
16: q+ J+1 q:i 1+ 31
H - F,t+1 S+ — .t
a2,1 (=g )(1—qy; 1)+qal 1 931
441t
X +,t+1 Qa1 9a21
17: qa3 1

= EavES| Eav —
(l_qal,l )a— q. 1)+qall 9201

18: while k£ = 2, - K —1do

i+l 41
19: Q) =bn qa2k 1+b01( — Q55 1)
+ot+1 — it
20: q+ 41 _ Qi a3k
a2,k (=g P H—ag)+a ey,
+,t+1 _—,t
21: q+ i+l Lo a2k
' a3,k (-a i -y ) +an ey,
22: end while
41 +,t+1 41
23: 9 =buay g tbo(l—au k)
|
24 935k =94l K
,\+t+1 Q+ 1+1Q— t
25: Q, Ea Y Ea
T - "TH(-Q N+ T QL
~ 4+t 41
26: M, =ActlQ,” ]

o (T VI SR Mot vt QY
28: (M;vt“,vj»t“) Ext[ N, ”ﬂf/* 1 MV

29: while k=1,--- , K do

X

+ t+1 + 51 bl Al ot ot

30: (m C>"< po)= ]E[mx,k Vs My Vykes H]
31: ( j,f“ Hm + ”1

o ot - + f+1
32: C,. =HCg, H"

A+ t+1 1 t+1
33: % d(C’Z e )
34: end while ot et

- B N e o A or AN —t oyt

35: (M, , V] ) = Ext[M, ,V, MV

36: end while 1T
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+ Robustness to parameter change: We keep the above setting and vary the param-
eters of p, SNR, and B, alternatively. Fig. 3 and 4 show that HyYVAMP-DCS is robust
to such parameter change.

0.08
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Fig. 3 NMSE and TAER versus SNR for HyGAMP-DCS and HyVAMP-DCS. a, b: i.id. case, ¢, d: Correlated case
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lyVAMP-DCS

NMSE

0.1

(a) NMSE versus p (b) TAER versus p
Fig. 4 NMSE and TAER versus p for HyGAMP-DCS and HyVAMP-DCS
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5 Conclusion

In this work, we investigate the DCS problem of joint user activity detection and channel
estimation within the mMTC scenario, considering the device activities are temporally-
correlated across the entire consecutive intervals. Then, we present the HYVAMP-DCS
algorithm, comprising a VAMP block for channel estimation and an LBP block for
detecting temporally-correlated user activities. Simulation results demonstrate the supe-
riority of the HyYVAMP-DCS algorithm.
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